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Answer A1

[

ĪO m~c×

m~c×T m1

] [

~ω

~vO

]

=

[

ĪC ~ω −m~c× ~c× ~ω +m~c× ~vO

−m~c× ~ω +m~vO

]

=

[

~hC + ~c× (m~vO −m~c× ~ω)
m(~vO − ~c× ~ω)

]

=

[

~hC + ~c×m~vC

m~vC

]

=

[

~hC + ~c× ~h
~h

]

=

[

~hO

~h

]

Answer A2

Starting with the formula IB = BX∗

AIA
AXB on slide 9, simply invert both sides:

I−1
B = (BX∗

AIA
AXB)

−1

= (AXB)
−1I−1

A (BX∗

A)
−1

= BXAI
−1
A

AX∗

B

Answer A3

aB = I−1
B f and aA = −I−1

A f ; so arel = aB − aA = (I−1
A + I−1

B )f . Therefore

I−1
rel = I−1

A + I−1
B .

The relative inertia is the harmonic sum (the inverse of the sum of the inverses) of the inertias
of the participating bodies, whereas the inertia of a composite body is the ordinary sum of the
inertias of its parts.

Answer A4

[

~nC

~f

]

=

[

ĪC 0

0 m1

] [

~̇ω

~̈c− ~ω × ~vC

]

+

[

~ω× ~vC×

0 ~ω×

] [

ĪC 0

0 m1

] [

~ω

~vC

]

=

[

ĪC ~̇ω

m~̈c−m ~ω × ~vC

]

+

[

~ω × ĪC ~ω +m~vC × ~vC

m ~ω × ~vC

]

=

[

ĪC ~̇ω + ~ω × ĪC ~ω

m~̈c

]

.
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Answer B1

Substitute a = Sα̇+ Ṡα into the equation of motion:

f + f c = I(Sα̇+ Ṡα) + v×∗Iv .

Find α̇:
ISα̇ = f + f c − IṠα− v×∗Iv

STISα̇ = ST(f − IṠα− v×∗Iv)

α̇ = (STIS)−1ST(f − IṠα− v×∗Iv) .

Substitute this expression for α̇ back into a = Sα̇+ Ṡα:

a = S(STIS)−1ST(f − IṠα− v×∗Iv) + Ṡα .

This equation can be expressed in the form

a = Φf + b

where Φ and b are the apparent inverse inertia and bias acceleration of the constrained body,
respectively, and are given by

Φ = S(STIS)−1ST

and
b = Ṡα−Φ(IṠα+ v×∗Iv) .

Answer B2

a = v̇ =
d

dt
(Sα)

= Sα̇+ Ṡα

= Sα̇+ v×Sα

= Sα̇+ v×v = Sα̇

TTS = 0 implies ṪTS+TTṠ = 0, which in turn implies ṪTSα+TTṠα = 0. But we already
know that Ṡα = 0, so

ṪTv = 0

Answer B3

The equation for α̇ obtained in the answer to B1 is

α̇ = (STIS)−1ST(f − IṠα− v×∗Iv) .

Substituting q̈ and τ gives

q̈ = (STIS)−1(τ − ST(IṠα+ v×∗Iv)) .

Rearranging this equation into the form τ = Hq̈ +C gives

H = STIS

C = ST(IṠα+ v×∗Iv)
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Answer B4

T = 1
2v

TIv by definition (slide 8). Substituting v = Sq̇ gives

T =
1

2
q̇TSTISq̇ =

1

2
q̇THq̇

(This is in fact a defining property of H .)

Answer C1

Kinetic Energy:
v0 = 0

vi = vλ(i) + siq̇i

Ti =
1
2v

T
i Iivi +

∑

j∈µ(i) Tj

Ttot = T1

Or you could replace the last two lines with Ttot =
1
2

∑

i v
T
i Iivi.

Momentum:
v0 = 0

vi = vλ(i) + siq̇i

hi = Iivi +
∑

j∈µ(i) hj

htot = h1

where hi is the total momentum of the subtree consisting of link i and all of its descendants.
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